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Table 1 Roughness function constants, f(5;) = any + b,

Ref. 2 Present data
Zone nx a; b, Nk a; b;
Rough 100 < g 2.50 —3.00 85 < g 2.50 —3.85
Transition 5.00 < 9 < 100 2.84 —4.58 12 < 9 < 85 3.82 —9.45
Smooth < 5 0 0 oy < 12 0 0
ment with the use of Eq. (2), but it must be pointed out that References

the Coles function normally would give better results if the
measuring position were in the transition region between the
laminar sublayer and fully turbulent portions of the boundary
layer. It can be seen that the Preston-tube method can be
considered accurate within =69, for the test condition range
of these data.

The series of tests’ investigating the effects of grain-type
surface roughness made use of the wind-tunnel diffuser floor
surface plates, the skin-friction balance, and the total-pres-
sure survey system, which were described in Ref. 1. These
roughness data also were obtained at M = 2.8. Grain-type
roughness was used in order that the results of these tests
could be used to evaluate the extension of the Nikuradse
roughness function® to the high Reynolds number compres-
sible flow situation.

Three different grades of sand grain were tested. The mean
diameters of the three grades, as determined by mieroscopic
measurement, were 0.002, 0.004, and 0.010 in., respectively.
The sand grains were bonded to the diffuser floor. The rough-
ness covered the entire 4-ft width of the floor for a distance of
9 ft upstream of the instrumentation station. The skin-
friction balance and total-pressure survey systems were in-
stalled side by side, offset equal distances from the tunnel
longitudinal centerline.

As is the case with aerodynamically smooth surfaces, tur-
bulent boundary layers over uniformly roughened surfaces
exhibit certain velocity similarity characteristics. These
characteristics are illustrated best by the defect law and law
of the wall velocity profiles. The velocity defect law profiles
of the present data indicated no effect of the surface roughness
which was the expected result. Also, as expected, the law
of the wall velocity profiles reflected the effect of the rough-
ness. Figure 2 presents some profiles typical of the data ob-
tained. It can be seen that, for the fully turbulent portion
of the boundary layer over a surface with uniformly dis-
tributed roughness, the right-hand side of Eq. (1) can be
expressed as f(17) — f(nx), where f(ny) is the so-called roughness
function. In Ref. 8, Fenter correlated the roughness func-
tion as determined from the classical Nikuradse pipe flow
experiments with the expression

Flm) = a; Ingx, + b; where me = pwUrk/pw  (3)

Figure 3 presents a comparison of the values of the roughness
functions of the present data as obtained from the law of the
wall profiles with the correlation of Ref 8. Table 1 presents
the values of the a; and b; coefficients of Eq. (3) from Ref. 8
and from the present data. It is noted that the present data
indicate that a higher degree of roughness can be permitted
and still maintain an aerodynamically smooth surface, i.e.,
fin) = 0. The velocity profile data and skin-friction
measurements show the expected trends; however, the rough-
ness function determined from the data is not in agreement
with the roughness function as previously determined in in-
compressible pipe flow. This difference presumably is caused
by a compressibility effect; however, other compressible
data exist at lower Reynolds numbers that show reasonable
agreement with the incompressible roughness function. Since
tests were made at only one Mach number, further investi-
gations to obtain additional data at other Mach numbers are
considered necessary in order to resolve this problem.
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Very-Large-Deﬂection Behavior
of Corrugated Strips
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Introduction

EW techniques have been developed for analyzing the

very-large-deflection behavior of thin plate and shell
structures, except for some very simple cases. Barton! and
Bisshopp and Drucker? have obtained results for a cantilever
beam subjected to a concentrated end load, based on the
Bernoulli-Euler equation. Rhode?® obtained similar results
for the case of a uniformly distributed load.

In the present note, a technique is describedt for handling
the very-large-deflection behavior of a corrugated strip in
terms of the solution to a curved cantilever beam with an end
load (Fig. 1). A stepwise incremental solution is obtained for
a modified Bernoulli-Euler equation, which permits both
elastic and plastic deformation of beams of arbitrary shape.
The technique involves incremental loads as well as incre-
mental elements of the structure. For each ineremental load
application, the corresponding deformation of the curved
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+ A more complete discussion is given in Refs. 4 and 5.
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Fig. 1 Parameters used in incremental method.

cantilever beam is determined by accumulating rotations and
deflections of short straight cantilever beams, which approxi-
mate the structure. Each incremental cantilever beam is
subjected to a linearly varying moment and, in the plastic-
range, linearly varying flexural rigidity. Results of the
method are compared with a closed-form elastic solution and
with experimental results.

Incremental Technique

The modified Bernoulli-Euler equation can be expressed by
— dA6/ds = Tz/D’ (1)

where A# is the change in slope from the initial undeformed
shape, s is the coordinate of length along the beam, T is the
load per unit length of strip, z is the moment arm, and D’ is
an effective flexural rigidity. In the elastic range, D’ has its
usual definition and is constant; in the plastic range, it is de-
fined as the ratio of moment to change in curvature and can be
determined analytically or experimentally. Application of
an incremental load AT results in a change in moment arm z
as well as a change in D’ where the structure is plastically
deformed. The change in the right side of Eq. (1) due to AT
can be expressed by

A(Te/D’y = [2AT + TAz — (Tz/D")AD’]/D' =

AM'/D" (2)
where AM ' represents the incremental moment as well as the
ineremental change in flexural rigidity. By selecting a mov-
ing set of Cartesian coordinates (z, y), with = tangent to the

beam, the incremental change in the left side of Eq. (1) can be
approximated by

— A(dAG/ds) = d?Ay/dx? (3)

where Ay is the incremental deflection normal to the beam.
Equations (2) and (3) then yield

B Ay/da? = AM'/D’ @

which is applicable only for small values of z about the origin.
Equation (4) can be solved for each incremental cantilever
beam, as illustrated in Fig. 1, by assuming linear variations in
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AM' and D’. Taking x = 0 at the base, the resulting in-
cremental end slope §;” and end deflection é; for the ith beam
are given by

8 = dAy/dxsmr; = (AM—1'Li/Diy’) [(1/8) (1 +
a:/B:) In(L + B)) — ou/B:]

6= Ay'or, = (AM— 'L/ Di ) {(1/8) (1 + ai/Bi) X ®
[A/8)(1 + B8:) In(1 + B:) — 1] — a:i/28:}
where
o = (AM,; ' — AM;)/AM,_,
(6

B8: = (l—f' — Di-")/Diy’

Here a subscript 7 on M’ or D’ denotes a quantity evaluated
at the end of the sth element, and a bar denotes an average
value during application of the load increment.

The horizontal and vertical incremental deflections of the
end of the ¢th element relative to the (i — 1) th element are
given by

i—1 A 1 i=1

Af — ALy = <5¢ + L 10221 % > s1n<t9¢ ~ 3 ’gl 5k'>
t—1 l'i—l

A — Aniy = <5i + Z 6’°I> COS<01' - éz 6’“')
k=1

k=1

)

where the summation term represents the rigid body rotation
produced by the bending of all preceding elements. With
the results of Eqgs. (7), the incremental deflections ecan be ac-
cumulated from the base of the original cantilever beam in
order to describe the complete deformation for each load in-
crement. The computational procedure is as follows:

1) Initial values of z; and 6; are determined as indicated in
Fig. 1b.

2) The first load increment AT is applied and the corre-
sponding deflections are determined from classical small-de-
flection elastic theory.

3) With the results of step 2, the deflections are recom-

puted from Eqgs. (2 and 5-7). The quantities AM,’ are com-
puted from Eq. (2) using T = AT/2, and similarly averaging
the values of ;. The values D;’ represent averages based on
the resulting moments Tz; before and after application of AT.

4) The values Az; are computed from the results of step 3
and compared with those of step 2. If the agreement is un-
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Fig. 2 Elastic load-deflection curve for semicircular-are
strip.
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Fig. 3 Elastic-plastic load-deflection curve for semicir-
cular-are strip.

satisfactory, step 3 is repeated using, each time, the newly
computed values for z;, until agreement between two succes-
sive values is attained.

5) Subsequent load increments are applied following the
procedure of steps 3 and 4, but load and deflection increments
are accumulated in calculating T and z;.

Closed-Form Elastic Solution

A closed-form elastic solution can be obtained for the case
of a semicircular-are strip of initial radius r and constant
flexural rigidity. Differentiation of Eq. (1), with the change of
variable ¢ = 7/2 — 0, yields

d?¢/ds* = — (T/D’) cose (8)
Boundary conditions are
e0) = /2 o) = @& (do/ds)() = 1/r (9)

where [ = 7r/2. Multiplication of Eq. (8) by d¢, and in-
tegration from ¢ to ¢; with Egs. (9), yields

$de/ds)? = N(sing, — sing) + 1/(2r%) (10)
where A2 = T/D’. With this result, the deflections can be
written

1
£=fosingads—r: —

1 @ sing
212N J 7/2 (sing; — sine + {HY?

de — 1

l L
77=r—f0 cosp ds =1 +
1 @ cose
ST : . de
212\ J =/2 (sing; — sing + {HV2 J

where {2 = 1/(2\%?%). With the further changes of variable,
1 + sing = 2 sin?y
Y, =sin {1/K? — {2/2)V2 (12)
1+ sing; + {*==2/K?
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Table 1
No. of
incre- E/r /T % error 9, error
ments  Tr2/D’ Tr/D’ in & in g
3 0.757 0.505 -3.6 1.0
4 0.770 0.504 —1.9 0.8
5 0.775 0.501 —1.3 0.2
Eqgs. (11) become
g__gf‘h (2sin2¢—1)d¢_1
r A J 2 (1 — K2 sin?)V?
13
7 _q n 2K f!h sinyd(siny) (13)
r A Jw/2 (1 — K2 giny)i/2

which can be solved to give the desired results

E/r = 2%Q/K — K)IF(K, 7/2) — F(K, $)] —
2(2)V2(¢/K) [B(K, 7/2) — B, ¥)1} (14)
nfr = 1 — 2Q/K)KE — 243(1 — K2]

where F(K, ¥) and E(K, ¥) are the elliptic integrals of the
first and second kind, respectively.

Numerical Examples

A numerical example was carried out for a semicircular-are
strip loaded in the elastic range. The incremental elastic
solution is shown in Fig. 2, compared with the closed-form re-
sult of Egs. (12) and (14). The cantilever beam of Fig. 1
was divided into four increments of length, and six load in-
crements were used, as indicated by the square points in Fig.
2. The computations were carried out on a desk calculator.

The incremental technique was also used to predict the
elastic-plastic behavior of a semicircular-arc stainless-steel
strip, and the results were compared with experiment, as
shown in Fig. 3. The moment-curvature or D’ values used
in the calculations were determined experimentally from
bend tests on flat specimens of the same sheet metal used to
form the corrugated strips. As in the elastic case, four
length increments and six load increments were used to com-
pute the curve of Fig. 3.

The incremental beam approach gives surprisingly good re-
sults for relatively few increments. This is further illustrated
in Table 1 which gives the errors in the small-deflection elastic
solution for the semicircular-arc configuration, computed on
the basis of three-, four-, and five-length increments.

Conclusions

The present incremental technique represents a simple and
powerful tool for handling the very-large-deflection elastic-
plastic behavior of corrugated strips of arbitrary shape.
The use of an effective flexural rigidity permits variation in
thickness as well as plastic behavior, and the treatment of a
cantilever beam with end load can readily be extended to other
forms of loading. Sufficiently few increments of load and
length are required, so that the method is suitable for use with
a desk calculator.
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Effect of Ablation on Momentum
Deposition in the Wake of a Re-Entry
Vehicle

A. G. Havmror*
TRW Space Technology Laboratories, Redondo Beach,
Calif.

HE wake of an unpropelled vehicle is distinguished by a

velocity and energy difference from the ambient condition.
The vehicle loses momentum and energy, which are deposited
in the wake behind it. For a slender, pointed re-entry
vehicle, the momentum and energy loss from the vehicle
caused by the pressure drag are spread out from the vehicle
by the shock wave so that the changes in the energy and
momentum of the affected flow are small, but the friction
force causes a large change resulting in the part of the wake
which is detectable.

For an ablating vehicle, the momentum deposited in the
wake and the drag on the vehicle are not the same since the
mass of the vehicle is changing. The momentum input to the
wake is not the same for an ablating as for a non-ablating ve-
hicle and is not equal to the drag on the vehicle if ablation is
taking place. The purpose of this note is to explore this effect
and determine the magnitude of the momentum loss as-
sociated with the ablation. The effect will be compared only
with the friction drag, since this is the important drag for de-
termining the wake of a sharp body, which is the case in which
this phenomenon is of greatest interest.

The total loss of momentum of the vehicle I is the friction
force F plus the momentum associated with the ablated mass
m:

I =F+nV (1)
The total mass loss by ablation is
m=q/L =3%p V3ACu/gJL (2)

where L is the heat of ablation of the material. The skin fric-
tion F = § pV2A4AC;. Therefore,

I =% pAV2C, [1 + (V®Cu/gJL C})] (3)

Equation (3) shows that the actual skin-friction term is aug-
mented by an ablation term, which depends on the ratio of
freestream kinetic energy to the heat of ablation of the ma-
terial and the ratio of heat transfer to friction coefficients.
Since the skin friction is affected by the rate of ablation, the
preceding expression does not allow a comparison with the
nonablation skin friction. To obtain this comparison, bound-
ary-layer solutions, with fluid injection, must be considered.
Because laminar flow overa cone lends itself to analytic treat-
ment, with appropriate simplifying assumptions, this case will
be used to demonstrate the important physical phenomena
and the size of the effect. If the usual simplification of Pr =
Le = 1 and pu const are made, then the modified skin-friction
parameter becomes a unique function of the modified blowing
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Fig. 1 Relation between skin friction and blowing rate.

parameter similar to the incompressible case (Fig. 1).b2
By combining Reynolds analogy (Cx = 4C;, which follows
from the assumptions already made) with Eq. (2), a relation
between the blowing rate and skin friction based on the abla-
tion properties can be found if all of the ablation products are
considered to be emitted as gas:

(2m/pVA) (Rew/CYV2 T2
Cr(Rew/C)12 "~ 2JL

The relation is also plotted on Fig. 1 for different values of
V?2/2¢gJL. The intersections of the curves are the solutions for
Cyand . Equation (3) can now be written in terms of Cq,
the value of skin frietion for a nonablating surface. This rela-
tion is plotted in Fig. 2. Typical values of L are between 1000
and 10,000 Btu/lb, so that at velocities of the order of 20,000
fps, V?/2¢gJ L is between values like 1 and 10.

Although the simplified theory used here to describe the
laminar boundary layer with injection is not precise, it does
give a useful demonstration of the size of the effect being con-
sidered without obscuring the physical phenomena with in-
volved numerical details. For a real case, appropriate values
of Prand Le should be used based on actual ablation products.

It may be concluded that the actual momentum deposited
in the wake by the viscous effect of an ablative vehicle is
larger than the nonablating vehicle. For laminar flow on a
cone, it does not exceed approximately twice the nonablative
vehicle value for the simplified case considered.
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Fig. 2 Momentum deposition compared with zero abla-
tion skin friction for different values of kinetic energy
heat of ablation ratio.



